In these exercises U always denote an open set of R n with smooth boundary ∂U . As usual, all given functions are assumed smooth, unless otherwise stated.
For each η > 0, we can find a K = K(η, s, t) > N , such that |f (x) − f K (x)| ≤ η for x = s, or x = t. Therefore, for every n ≥ N |f (s)−f n (s)−f (t)+f n (t)| ≤ |f (s)−f K (s)|+|f K (s)−f n (s)−f K (t)+f n (t)|+|f (t)−f K (t)| ≤ 2η+ |s−t| β .
Letting η → 0, we obtain that |f (s) − f n (s) − f (t) + f n (t)| ≤ |s − t| β for all n ≥ N ( ). Since y = x t , 0 < t < 1, is a concave function, we have
Then
There is a general convexity theorem for Higher-order Hölder norm (due to Hörmander), see Helms [4, chapter 8].
3. Omit.
(a) Show that u is equal a.e. to an absolutely continuous function and u belongs to L p (0, 1).
(b) Prove that if 1 < p < ∞, then for a.e. x, y ∈ [0, 1],
Proof. (b) follows easily from (a) and Hölder inequality. For (a), denote the weak derivative of 5. Proof. For any V ⊂⊂ W ⊂⊂ U , we can find a smooth function u such that u ≡ 1 on V and
Then u is smooth (by LDCT), u = 1 on V and supported in {dist(x, V ) ≤ 2 } ⊂ W .
6. Apply Exercise 5. We omit it since it can be found in many Differential Geometry textbooks.
{u n (x)} is decreasing to 0 for each x ∈ U , MCT tells us u n p,U → 0. On the other hand,
which means T will not be bounded, if T exists.
, and
The right-hand side tends to
which tends to 0 by Hölder and
Then we apply Hölder's inequality to get the desired inequality.
10. Proof. (Sketch) (b) is similar to (a). To prove (a), we start with the formula in Hint, do integration by parts once, and then apply the generalized Hölder with exponents pair (p, p,
Since U is connected and u * η is smooth, u * η ε is a constant c which will converges to u in L 1 (K) as → 0 and hence {c 1 n } ∞ n=1 forms a Cauchy sequence (note that K has finite measure) that will converges to some constant c. Therefore, u = c a.e. in K and hence in U .
Proof. Consider in
14. Let n > 1. Show that log log 1 +
Proof.
On the other hand, we omit the proof that the first weak derivative of u exists and
15. Proof. Applying Poincaré inequality,
Applying Hölider inequality,
Therefore,
Remark 2. For further discussions on Poincare-Type inequality, see G.Leoni [5, Section 12.2] and L.Tartar [7, .
The Hölder's inequality implies that
By picking a further subsequence, we may assume u k converging to u pointwisely. Fatou's lemma implies
Remark 5. Note that the hypothesis U is bounded is only used to show F (u) ∈ L p . Such 19. Proof. Let φ be a smooth, bounded, nondecreasing function, such that φ is bounded and
, u is finite a.e. Therefore u → 0 as → 0 a.e.. Moreover by the mean-value theorem, for a.e. x
Apply the density argument with the help of boundedness of { Du L 2 }, we know the above is true for any w ∈ L 2 . Take w = (Du)χ {u=0} ∈ L 2 , we see
which is the desired result.
Remark 6. In the next two problems, we define the norm in fractional Sobolev spaces by
which is different from Evans' definition. This definition works for negative power s.
(Sobolev Lemma)
sense. However
we knowû ∈ L 1 , and the inversion formula holds pointwisely now, this tells us that for each 
L 2 , by Young's inequality .
